Let G be a graph with vertex set
Introduction
We consider a finite undirected graph G with vertex set V (G) and edge set E(G), which has neither loops or multiple edges. For a vertex x ∈ V (G), we denote by d G (x) the degree of x in G. For two disjoint vertex subsets S and T of G, the number of edges joining S to T is denoted by e G (S, T ). For a subset S ⊆ V (G), we denote by G − S the subgraph obtained from G by deleting all the vertices of S together with the edges incident with the vertices of S.
Let g and f be two integer-valued functions defined on V (G) such that 0 ≤ g(x) ≤ f (x) for all x ∈ V (G). Then a (g, f ) -factor of graph G is defined as a spanning subgraph
for all x ∈ V (G). Note that if g(x) = a and f (x) = b for all x ∈ V (G), then a (g, f ) -factor is nothing but an [a, b] -factor. A matching in a graph G is a set of edges of G with the property that no two edges are adjacent. A k -matching is a matching of size k. The other terminologies and notations not given in this paper can be found in [1] .
Many authors have investigated [a, b] -factors [2] [3] [4] [5] [6] [7] [8] , and (g, f ) -factors [9] [10] [11] [12] [13] [14] [15] [16] [17] . The following results on (g, f ) -factors are known. G. Liu [9] proved the following theorem.
Theorem 1. [9]
Let G be a graph, and let g and f be two integer-valued functions defined on
The above theorem was extended to the following results by S. Zhou [15] .
Theorem 2.
[15] Let G be a graph, and let g and f be two integer-valued functions defined on
for all x, y ∈ V (G), then G has a (g, f ) -factor containing M, where r and k are two positive integers.
Theorem 3.
for all x, y ∈ V (G), then G has a (g, f ) -factor containing any k edges of G, where k is a nonnegative integer.
In this paper, we prove the following results, which are an extension of Theorem 1 and 2 and 3.
Theorem 4. Let G be a graph, and let g and f be two integer-valued functions defined on
(1)
Theorem 5. Let G be a graph, and let g and f be two integer-valued functions defined on V (G) such that 0 ≤ g(x) < f (x) for all x ∈ V (G), and H 1 and H 2 are two edge-disjoint subgraphs of G.
for all x, y ∈ V (G), then G has a (g, f ) -factor F such that E(H 1 ) ⊆ E(F ) and
In Theorem 5, if H 1 = ∅, then we get the following corollary.
Corollary 1.
Let G be a graph, and let g and f be two integer-valued functions defined on V (G) such that 0 ≤ g(x) < f (x) for all x ∈ V (G), and H 2 is a subgraph of
Theorem 6. Let G be a graph, and let g and f be two integer-valued functions defined on
for all x, y ∈ V (G), then G has a (g, f ) -factor including any k edges of G and excluding any other r edges of G. Where r and k are two nonnegative integers.
In Theorem 6, if k = 0, then we get the following corollary.
Corollary 2.
for all x, y ∈ V (G), then G has a (g, f ) -factor excluding any r edges of G. Where r is a nonnegative integers.
Proof of Main Theorems
In order to prove Theorem 4, we depend on the following theorem.
Theorem 7.
[18] Let G be a graph, and let g and f be two integer-valued functions defined on V (G) such that 0 ≤ g(x) < f (x) for all x ∈ V (G), and H is a subgraph of
for all disjoint subsets S and T of V (G).
Proof of Theorem 4. By Theorem 7, to prove Theorem 4 we need only to show that for all disjoint subsets S and T of V (G)
Thus we may assume that T = ∅. According to (1), we have
In view of (4), we obtain
By (5), we get that
By (6), we have
According to (7) and (8) and 
